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(ρ+)t = −C1
(
(ρ+ − ρ−) + C2
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(ρ+ − ρ−) + L(t)
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(ρ+ − ρ−) + L(t)
)
Dρ−


R× (0 T )
ßöŁìsô 

 
-
{

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(σ : ε0) = σ12 = 2µ(ε
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(ρ+)t = − (ρ+ − ρ− + a(t)) |Dρ+| on R× (0, T ),
(ρ−)t = (ρ+ − ρ− + a(t)) |Dρ−| on R× (0, T ),
ρ+(·, 0) = ρ0+ on R,
ρ−(·, 0) = ρ0− on R.
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ρ0±(x) = P
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±(x) + L0x
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P 0±
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(rk − sk) ≥ 0
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Hj(t, r, p)−Hj(t, s, p) ≥ 0.
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‖Dρ0k‖L∞(R)
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ρ0(x)− (M + ‖a‖L∞(0,T ))B0t ≤ ρ(x, t) ≤ ρ0(x) + (M + ‖a‖L∞(0,T ))B0t.
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max
k∈{+,−}
‖Dρk‖L∞(R×(0,T )) ≤ B0,
max
k∈{+,−}
‖(ρk)t‖L∞(R×(0,T )) ≤ B0(M + ‖a‖L∞(0,T )).
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‖ρ+ − ρ−‖L∞(R×(0,T )) ≤ ‖ρ0+ − ρ0−‖L∞(R).
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ρ ± (M +
‖a‖L∞(0,T ))B0t
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Ü8ÛXøhâ;ÙãäàMÛXø Þuæ²âã_Ý]ÜOÞ)Þuæ²ÝaÞ
ρ(x+ 1, t) + L0
ØÙ)ÝaÚÙuÛhÙtÛ]ÚéŁÞuØsÛXßZÛaã
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(iv)
ì¡=YâÙtâlÞ
m+(t) = sup
x∈(0,1)
ρ+(x, t) and m−(t) = inf
x∈(0,1)
ρ−(x, t).
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(ρik)t = −k
(
ρi+ − ρi− + ai(t)
) |Dρik| for k ∈ {+,−}
ρik(·, 0) = ρ0k for k ∈ {+,−}
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k∈{+,−}
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K = ‖a2 − a1‖L∞(0,T )
ì¡=YânàuâIøhÝXà<,hÞMæ²ÝkÞ
ρ2
ØsÙÝhÙté²îKêTÙuÛXÚséKÞMØÛ]ßwÛaã
(ρk)t + k (ρ+ − ρ− + a1(t)) |Dρk| −KB0 = 0.
ÛXàMâlÛküXâlà
ρ1 +KB0t
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max
k∈{+,−}
‖ρ2k − ρ1k‖L∞(R×(0,T )) ≤ KB0T.
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a[ρi](t) =
∫ 1
0
ρi+(x, t)− ρi−(x, t)dx+ L(t)
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‖a[ρ2]− a[ρ1]‖L∞(0,T ) ≤ 2 max
k∈{+,−}
‖ρ2k − ρ1k‖L∞(R×(0,T )).
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UT =

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ρ =
(
ρ+
ρ−
)
∈ (L∞Loc)2 , s.t.
∣∣∣∣∣∣∣∣∣∣
‖ρ+ − ρ−‖L∞ ≤M
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‖Dρk‖L∞ ≤ B0
max
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‖(ρk)t‖L∞ ≤ B0(2M + ‖L‖L∞(0,T ))
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ρ ∈ UT
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a[ρ](t) =
∫ 1
0
ρ+(x, t)− ρ−(x, t)dx+ L(t).
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v = G(ρ) = (G+(ρ), G−(ρ))
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(vk)t = −k (v+ − v− + a[ρ](t)) |Dvk| on (0, T )× R,
vk(·, 0) = ρ0k on R.
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‖v2 − v1‖L∞(R×(0,T )) = sup
{k∈{+,−}}
‖v2k − v1k‖L∞ ≤ B0T‖a[ρ2]− a[ρ1]‖L∞(0,T )
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1
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K = 2(‖P 0+ − P 0−‖L∞(R) + ‖a‖L∞(0,T ))maxk∈{+,−} ‖Dρ0k‖L∞(R)
|&]
µ0 = max
k∈{+,−}
sup
Ξ
|ρ0k(xi)− v0k,i| ≥ 0.
ßoPKì ö0P 

Û
XWW]mnW]m£V9YYAhüF\:²
í¡Û¶èŁàMÛküXâhÞuæŁØÙIñRåâÙuâ8Þ
w±(xi, tn) = ρ
0
±(xi) − Ktn − µ0
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α ≤ 1 ì
íæŁâú²à5ÙAÞfî3Û]éŁß²×çÛaã1ß4PŁì ÷+C0
rãäÛ]ÚÚsÛkåÙãäàuÛ]ø Þuæ²â¡Øè²ÙMÜ5æŁØcÞMþwØsßïÙtèÝXÜ8âwàuâ
ë
éŁÚÝaàMØcÞAáﬃÛXã
ρ
ß_ÙuâlâZíæŁâIÛXàMâlø ÷²ì;
(iii)

OñŁãäàMÛXø ÞuæŁâØß²â	Cé²ÝaÚsØÞgá
Ψ(x∗, t∗, x∗i , t
∗
n, k
∗) ≥ Ψ(x∗i , t∗, x∗i , t∗n, k∗)
ÝXß²×wãäàuÛ]ø ß4PŁì ö]õ0
8ì
!
ß²×Kâlâ;×{ñŁÞuæŁØÙ
ØøhèŁÚsØsâIÙ
|x∗ − x∗i |2
2ε
≤ρk∗(x∗, t∗)− ρk∗(x∗i , t∗)− α|x∗|2 + α|x∗i |2
≤K|x∗ − x∗i |+ α|x∗ − x∗i |(|x∗|+ |x∗i |) ≤ K|x∗ − x∗i |.
íæŁâÙuâIÜlÛXß²×Gî3ÛXéŁß²×1Ûaãß4PŁì ÷+C0
¡ØsÙRÛXîKÞ5ÝaØsßŁâI×GØsßGÞMæŁâ)ÙuÝXøfâbåbÝ|áXñaé²ÙtØsß
ë
Þuæ²âbØsßŁâ]éÝaÚsØcÞAá
Ψ(x∗, t∗, x∗i , t
∗
n, k
∗) ≥
Ψ(x∗, t∗n, x
∗
i , t
∗
n, k
∗)
Ýaß²×ZíæŁâIÛXàMâlø ÷²ì;
(iii)
ì
ô;ö
õe	V+s t¨V+e/eV+X$V9d/ecYhe	VRmﬀW'XHe	TLV±YhbcYkBYþs%W]cfFeW'm
Ψ
!
ßŁâ	Cé²ÝXÚØÞgáﬃß4PŁì ö]õ0
bÜlÝXßwî3âÙtÞuàMâlß
ë
ÞuæŁâIßŁâI×ÞuÛ
α|x∗|2 + α|x∗i |2 ≤ K.
ßoPKì ÷²ô

!
ß²×Kâlâ;×{ñQéÙtØsß
ë
ÞMæŁâØsè²ÙuÜ5æŁØÞuþwàMâ
ë
é²ÚsÝXàuØÞgáﬃÛXã
ρ
ñQÞuæŁâwØsßŁâ	Cé²ÝXÚØÞAá
Ψ(x∗, t∗, x∗i , t
∗
n, k
∗) ≥ Ψ(0, 0, 0, 0, k∗)
Ýaß²×wâCé²ÝkÞMØÛ]ß²Ùrß_÷²ì; 0
Oñß4PŁì öX÷+
ÝXß²×YßoPKì ÷0C0
8ñKáCØsâlÚ×ŁÙ
α|x∗|2 + α|x∗i |2 ≤ρk∗(x∗, t∗)− vk∗(x∗i , t∗n) + ρ(x∗i , 0)− ρ(x∗i , 0)
≤K(|x∗ − x∗i |+ t∗) +Kt∗n + µ0 ≤ K.
õe	V+s©²$sLs¨V0X$t¨W]kBfLjªW]m
µ
=ﬃânæ²Ý|üXâÞuæŁânî3Û]éŁß²×
µ ≤ K√T (∆x+∆t) 12 + µ0 Øã ∆x+∆t ≤ 1K2
ì
ﬃ
Øsà5ÙAÞ;ñ3åbâ1ÜlÚsÝXØøÞMæ²ÝkÞãäÛXà
σ
ÚÝaà
ë
ââIßŁÛXé
ë
æñ3åbâGæÝ;üXâGâIØcÞMæŁâlà
t∗ = 0
Û]à
t∗n = 0
ì):éŁèŁè3ÛCÙtâGÞuæŁâhÜ8ÛXßCÞuà5ÝaàMáXì
íæŁâlßSÞuæ²âjãäéŁß²Ü8ÞuØsÛXß
(x, t) 7→ Ψ(x, t, x∗i , t∗n, k∗)
Ý]ÜMæŁØsâlüXâ;Ù-ØcÞ5ÙøÝkùKØsøGéŁøÝkÞÝè3Û]ØßCÞbÛaã
R× (0, T ] ìyûjÙuØß ë
ÞuæŁârã_Ý]ÜOÞ)Þuæ²ÝaÞ
ρ
ØÙ)ÝhÙuéŁîKêgÙtÛ]ÚéŁÞuØsÛXßwÛXãµÞuæŁâÜlÛXßCÞuØsßCéŁÛ]é²ÙèŁàMÛXîŁÚsâløzñKåânÛXîKÞ5ÝaØsßwÞuæŁânØsßŁâ	Cé²ÝXÚØÞAá
σ + p∗t ≤ −k∗(ρ+ − ρ− + a(t∗))|p∗x + 2αx∗|
ßoPKì ÷+0

å)ØcÞMæ
p∗t =
t∗−t∗n
ε , p
∗
x =
x∗−x∗i
ε
ì
):ØßÜ8â
t∗n > 0
ñŁåbânÝaÚÙuÛfæ²Ý|üXâ
Ψ(x∗, t∗, x∗i , t
∗
n, k
∗) ≥ Ψ(x∗, t∗, xi, t∗n −∆t, k∗)
ìyíæŁØÙØsøhèŁÚsØâ;Ù
vk∗(·, t∗n −∆t) ≥ ϕ(·, t∗n −∆t) + vk∗(x∗i , t∗n)− ϕ(x∗i , t∗n)
ãäÛXà
ϕ(xi, tn) = − |x
∗−xi|
2
2ε − |t
∗−tn|
2
2ε − α|xi|2
ìﬃûjÙuØsß
ë
ÞuæŁâã_Ý]ÜOÞ1Þuæ²ÝaÞGÞMæŁâZÙuÜ5æŁâløhâØÙGøhÛXß²ÛaÞuÛ]ßŁâÝXß²×
Ü8ÛXøhøGéKÞMâIÙ)å)ØcÞMæZÞuæŁâÝ]×Ł×KØÞuØsÛXßZÛXãRÜ8ÛXß²ÙtÞMÝXß]Þ5ÙlñKá:ØsâlÚ×ŁÙ
vk∗(x
∗
i , t
∗
n)
=Sk
∗
(vk∗(·, t∗n −∆t)) (x∗i )
≥ϕ(x∗i , t∗n −∆t) + vk∗(x∗i , t∗n)− ϕ(x∗i , t∗n)
+ ∆t
(
c∆,Lock∗ [v](x
∗
i , t
∗
n)
)
El
∗
(D+ϕ(x∗i , t
∗
n −∆t), D−ϕ(x∗i , t∗n −∆t))
å)æŁâlàMâ
l∗ = sgn
(
c∆,Lock∗ [v](x
∗
i , t
∗
n)
)
ì¡=YânÙuâ8Þ
c[v] = −c∆,Lock∗ [v](x∗i , t∗n), c[ρ] = k∗ (ρ+(x∗, t∗)− ρ−(x∗, t∗) + a(t∗)) .
=ﬃârÞMæŁâlßzÛXîŁÞMÝaØsßwÞuæ²ânÙuéŁè3âIàtêgÙtÛ]ÚéŁÞuØsÛXßwØßŁâCé²ÝaÚsØcÞAá2
ϕ(x∗i , t
∗
n)− ϕ(x∗i , t∗n −∆t)
∆t
≥ −c[v]El∗(D+ϕ(x∗i , t∗n −∆t), D−ϕ(x∗i , t∗n −∆t)).
)CÞuà5ÝaØ
ë
æCÞtãäÛXàMåbÝXàM×ÜlÛXøhèŁéKÞMÝaÞuØsÛXßÙbÛXãµÞuæŁâ×ŁØsÙMÜ8àMâ8ÞMâr×ŁâlàMØükÝaÞuØsüXâÛXã
ϕ
á:ØâIÚs×
p∗t +
∆t
2ε
≥ −c[v]El∗
(
p∗x −
∆x
2ε
− α(2x∗i +∆x), p∗x +
∆x
2ε
− α(2x∗i −∆x)
)
.
):éŁîKÞMàMÝ]ÜOÞuØsß
ë
ÞMæŁâÝaî3ÛküXâØsßŁâ	Cé²ÝXÚØÞgáSÞuÛ¶ß4PŁì ÷9 
OñKåâ×KâI×Łé²Ü8â
σ ≤
∆t
2ε
− c[ρ]|p∗x + 2αx
∗|+ c[v]El
∗
„
p
∗
x −
∆x
2ε
− α(2x∗i +∆x), p
∗
x +
∆x
2ε
− α(2x∗i −∆x)
«
≤
∆t
2ε
− (c[ρ]− c[v]) |p∗x|+ αK|x
∗|
+ |c[v]|
˛˛˛
˛El∗
„
p
∗
x −
∆x
2ε
− α(2x∗i +∆x), p
∗
x +
∆x
2ε
− α(2x∗i −∆x)
«
− El
∗
(p∗x, p
∗
x)
˛˛˛
˛
≤
∆t
2ε
− (c[ρ]− c[v]) |p∗x|+Kα|x
∗|+K
∆x
ε
+ 2αK|x∗i |+ 2αK∆x
ôI÷
å)æŁâlàMâråâræÝ;üXâré²ÙuâI×{ñKãäÛXà)ÞuæŁâÙuâIÜ8Û]ß²×wÚØsßŁâXñKÞMæŁârã_ÝXÜ8ÞÞMæ²ÝkÞ
c[ρ] ≤M + 2B0(M + ‖a‖L∞(0,T ))T ≤ K
å)ØcÞMæ
M = ‖P 0+ − P 0−‖L∞(R)
Ýaß²×
B0 = max
k∈{+,−}
‖Dρ0k‖L∞(R)
ß_ÙuâlâqíæŁâIÛXàMâlø÷²ì; 
8ì
­
Û|ånñnÙuØß²Ülâ
ρk∗(x
∗, t∗)− vk∗(x∗i , t∗n) = max
k∈{+,−}
(ρk(x
∗, t∗)− vk(x∗i , t∗n)) ≥ 0
ñŁî:á

i
|
÷²ìsôXñKåânÛXîKÞ5ÝaØsß
−(c[ρ]− c[v])|p∗x| =− k∗ (ρ+(x∗, t∗)− ρ−(x∗, t∗) + a(t∗)) |p∗x|
+ k∗ (v+(x
∗
i , t
∗
n)− v−(x∗i , t∗n) + a(t∗)) |p∗x|+ k∗
(
a∆(t∗n)− a(t∗)
) |p∗x|
≤ ∣∣a∆(t∗n)− a(t∗)∣∣ |p∗x| ≤ K|t∗n − t∗||p∗x|
å)æŁâlàMâråâræÝ;üXâré²ÙuâI×YßoPKì;aõ+
OìQíæŁØÙØsøhèŁÚsØâ;Ù
σ ≤∆t
2ε
+K|t∗ − t∗n||p∗x|+Kα|x∗|+K
∆x
ε
+ 2αK|x∗i |+ 2αK∆x
≤K∆x+∆t
ε
+Kα1/2 +Kε.
ðyéKÞtÞMØsß
ë
σ∗ = σ∗(∆x+∆t, ε, α) = K
∆x+∆t
ε
+K(α1/2 + ε),
åâÞMæŁâlàMâ8ãäÛ]àuârÜ8ÛXßÜ8Úsé²×KâÞMæ²ÝkÞ)åârøGé²ÙtÞ)æ²Ý;üXâ
t∗ = 0
ÛXà
t∗n = 0
èŁàMÛ|ü:Ø×KâI×
σ ≥ σ∗ ì¡=æŁâIßŁâlüXâIà t∗ = 0 ñKåâ
×KâI×KéÜ8ârãäàuÛ]ø

/i
|
PŁì öhÝaß²×wãäàuÛ]ø ß4PŁì ÷+C0
-Þuæ²ÝaÞ
Mα,εσ =Ψ(x
∗, 0, x∗i , t
∗
n, k
∗) ≤ ρ0k∗(x∗)− vk∗(x∗i , t∗n)
≤ρ0k∗(x∗)− ρ0k∗(x∗i ) +Kt∗n + µ0
≤K (|x∗ − x∗i |+ t∗n) + µ0 ≤ K(1 + σ)ε+ µ0.
):ØøhØsÚÝaàMÚá]ñKå)æŁâlßŁâIüXâlà
t∗n = 0
ñŁåân×Kâ;×Ké²ÜlâãäàMÛXø ÞuæŁâU¡Øè²ÙMÜ5æŁØcÞMþnàuâ
ë
éŁÚÝaàMØcÞAáÛaã
ρ
Ýaß×ãäàuÛ]ø ßoPKì ÷0C0
-Þuæ²ÝaÞ
Mα,εσ =Ψ(x
∗, t∗, x∗i , 0, k
∗) ≤ ρk∗(x∗, t∗)− vk∗(x∗i , 0)
≤K (|x∗ − x∗i |+ t∗) + µ0 ≤ K(1 + σ)ε+ µ0.
í¡ÛÙuéŁø éŁèñ²åâræ²Ý|üXânÙuæŁÛ|å)ßwÞMæ²ÝkÞ
Mα,εσ ≤ K(1 + σ)ε+ µ0 ≤ Kε+ µ0
èŁàuÛkü:Øs×ŁâI×
σ∗ = K∆x+∆tε +K(α
1/2 + ε) ≤ σ ≤ 1 ì =Yâ1ÞuæŁâIßY×KâI×Łé²Ü8â1ÞMæ²ÝkÞ;ñãäÛXàâIüXâlàMá (xi, tn)
Ýaß²×¶ãäÛXà
âlüXâlàMá
k
ñŁåâræ²Ý|üXâ
ρk(xi, tn)− vk(xi, tn)−
(
K
∆x+∆t
ε
+K(α1/2 + ε)
)
T − 2α|xi|2 ≤Mα,εσ ≤ Kε+ µ0.
):âlß²×ŁØß
ë α → 0 ñÞ5ÝM,:Øsß ë ÞuæŁâYÙuéŁèŁàMâløGéŁøÛküXâlà (xi, tn)
ñÞuæ²âﬃøhÝaùKØøGéŁø	Û|üXâIà
k
ÝXß²×Ü5æŁÛ:ÛCÙtØsß
ë ε =
T 1/2 (∆x+∆t)
1/2 ñŁåâÜ8ÛXß²ÜlÚé×KâÞuæÝkÞ
max
k∈{+,−}
sup
ΞT
(ρk(xi, tn)− vnk,i) = µ ≤ K (∆x+∆t)1/2
√
T + max
k∈{+,−}
sup
Ξ
(ρ0k(xi)− v0k,i),
ßoPKì ÷]ö+

èŁàuÛkü:Øs×ŁâI×SÞMæ²ÝkÞ
∆x, ∆t
ÝXàuârÙuøÝaÚsÚ{âlß²ÛXé
ë
æ
T ≤ 1 ñ µ0 ≤ 1
ÝXß²×Yß4PŁì ö0ﬁ0
ØsÙÝXÙMÙuéŁøfâ;×{ì
ôP
!ßÞMæŁâ
ë
âlßŁâIàMÝXÚÜlÝXÙuâXñ:åârÜlÛXß²ÙuØs×Łâlà
ρ = ρ+ µ1
å)ØÞuæ
µ1 = max
k∈{+,−}
sup
Ξ
(v0k,i − ρ0k(xi))
ì@=YâàMâløÝaà.,fÞuæ²ÝaÞ
ρ
ØsÙÙtÛ]ÚéŁÞuØsÛXßZÛaãßä÷ìô;õ0
bÝaß²×ZÙMÝkÞMØsÙtú²â;Ù
ρ0(xi) ≥ v0i
ìyíæ²âlßdßoPKì ÷]ö+
-ØÙbÞMàué²ârå)ØÞuæ
ρ
ØßzèŁÚÝXÜ8ârÛXã
ρ
ñ
max
k∈{+,−}
sup
ΞT
(ρk(xi, tn) + µ
1 − vnk,i) ≤ K (∆x+∆t)1/2
√
T + max
k∈{+,−}
sup
Ξ
(ρ0k(xi) + µ
1 − v0k,i),
å)æŁØsÜ5æÙAÞMØÚsÚØøhèŁÚsØsâIÙß4PŁì ÷Cö0
å)ØcÞMæ
max
k∈{+,−}
sup
Ξ
|ρ0k(xi)− v0k,i|
ì
íæŁâGÚÛkåâlàjî3ÛXéŁß²×zãäÛXàÞuæ²ââIàuàMÛXà)â;ÙAÞMØøÝaÞuâØÙÛ]îKÞMÝXØßŁâ;×zîCáZâ8ùŁÜMæÝaß
ë
Øß
ë ρ
Ýaß²×
v
ì)ÖÙ)ÞMæŁâGèŁàuÛKÛaãRØsÙÙtØsøhØÚÝaà
ÞuÛfÞMæŁâÝaî3ÛküXâXñKåârÛ]øhØcÞØcÞ;ì
ßÂ43  óÎjÎÄŁËÊuÓ ÉÈŁÊAË-Ç ËÈŁÏjÅ ÇË-ÇËô|ÒtË)ÑÉRÒhÆ]Ð)Æ]ÈKÅ¡Ó
í¡Û¶ÙuÛXÚsüXâhß:éŁøhâlàMØsÜIÝaÚsÚá´ÞuæŁâSßŁÛ]ßKêTÚÛKÜIÝaÚyÙuáKÙAÞMâløßAôXìsô
gê5ßtôXì; 
8ñ¡åâSé²ÙuâhÞuæ²âú²ßŁØÞuâ×KØ¬«âlàMâlß²ÜlâSÙMÜMæŁâIøhâ¶ßAô]ì ö+
TêOßAô]ì ÷9
Tê
ßAôXì;P 
8ì=YâhÝXÚsÙuÛZÝXÙMÙuéŁøhâGÞuæ²âH?
ﬃ
óÜ8Û]ß²×KØÞuØsÛXß ßAô]ì J+
Oì
!
ßYè²ÝaàuÞuØÜ8éŁÚÝaà;ñé²ÙuØß
ë
ðyàuÛ]è3Û]ÙuØcÞMØÛ]ß´÷²ì;PKñ{åâh×ŁâI×Ké²Ülâ1ÞMæ²ÝkÞ
ÞuæŁâ?
ﬃ
qÜ8ÛXß²×ŁØcÞMØÛ]ßdß4PŁì ö]ö0
-ØÙÙuÝaÞuØÙAú²â;×wéŁßŁØcãäÛ]àuøhÚsáSãäÛXàÝaÚsÚ
a
×Kâlú²ßŁâI×Zî:á´ßtôXì;P 
î3â;ÜlÝXé²Ùtâ
‖a[ρ]‖L∞(0,T ) ≤M + ‖L‖L∞(0,T )
Ýaß²×ZÙuÛ
L1 ≤ L2
ì
âlÞ
T¯ ≥ 0 å)æŁØÜMæYå)ØsÚsÚQî3âSÜMæŁÛCÙtâIßﬃÚÝkÞuâIàIìí¡ÛzèŁàMÛ|üXâfÛ]éŁànÜlÛXßCü]âlà ë âlß²Ülâ1àuâ;Ùté²ÚcÞ;ñåâøfØsøhØsÜfÞMæŁâÜlÛXß]ÞMØsßCéŁÛXéÙ
ÜlÝXÙuâXì
ý
âlãäÛXàMâè²àuÛkü:Øß
ë
íæŁâlÛ]àuâIøô]ì öåâß²âlâI×ÞMÛ1ØßCÞuàMÛK×Ké²ÜlâÙuÛXøhâjß²ÛaÞMÝaÞuØsÛXß²ÙbÝaß²×
}
/
|

|
ì%â8ú²ßŁØsß
ë X1,∆T =
R
{0,...,NT }
Ýaß²×
X2,∆T = (R
2)Z×{0,...,NT }
ñ²ÞMæŁâ1ÙtâlÞjÛXãy×KØsÙMÜ8àMâ8ÞMânãäéŁß²ÜOÞMØÛ]ß²Ù×Kâlú²ßŁâI×Û]ß {0, ..., NT }
ÝXß²×zÛ]ßzÞuæŁâ
øfâ;Ùtæ
ΞT
àMâIÙuè3âIÜOÞMØüXâIÚá]ñKåâ×KâIßŁÛaÞMânîCá
G∆ : X1,∆
T¯
→ X2,∆
T¯
ÞMæŁânÛ]è3âlà5ÝkÞuÛ]àÞMæ²ÝkÞ
ë
ØsüXâIÙbÞMæŁâ×KØÙMÜ8àMâ8ÞuâÙtÛ]ÚéKÞMØsÛXß
v
ÛaãµÞuæ²ânÚÛKÜIÝaÚ{ðyàMÛXîŁÚsâlø ß4PŁì +M
-ãäÛXàÝ
ë
ØsüXâlßZüXâlÚsÛKÜlØcÞAá
a∆ ∈ X1,∆
T¯
ñ
(G∆+(a
∆), G∆−(a
∆)) = G∆(a∆) = v.
!
ßZè²ÝXàtÞMØsÜléŁÚsÝXàIñ:ÞuæŁâÙMÜMæ²âløhânÜlÝXßZî3âràMâlå)àMØcÞuÞuâIß
v = G∆(a∆[v])
å)ØcÞMæ
a∆[·] ×Kâ8ú²ß²âI×ZØßqßAô]ì P0
Oì¡=ﬃâÙuâ8Þ;ñ:ãäÛ]àÝaÚsÚ T ≤ T¯ 
U∆T =


w ∈ X2,∆T :
∣∣∣∣∣∣∣∣∣
sup
ΞT
|D+x w±| ≤ B0,
sup
ΞT
|D+t w±| ≤ 2B0(2M + ‖L‖L∞(0,T ) + 4),
sup
ΞT
|w+ − w−| ≤M + 2


Ýaß²×
V ∆T =
{
a∆ ∈ X1,∆T :
∣∣∣∣ sup{0,...,NT∆t} |a∆| ≤M + ‖L‖L∞ + 2
}
å)æŁâlàMâ
M = ‖P 0+ − P 0−‖L∞(R)
ìòßŁânÜlÝXßZâIÝXÙuØsÚáÜ5æŁâIÜ,ÞMæ²ÝkÞ
{(ρ)∆ | ρ ∈ UT } ⊂ U∆T
Ýaß²× {
(a)∆ :
∣∣ ‖a‖L∞(0,T ) ≤M + ‖L‖L∞(0,T ) } ⊂ V ∆T
å)æŁâlàMâ
(f)∆
ØÙbÞMæŁânàMâIÙAÞMàMØsÜ8ÞuØsÛXßÞuÛ
ΞT
ÛaãÞuæŁâÜ8Û]ß]ÞMØß:éŁÛXé²ÙãäéŁß²ÜOÞMØÛ]ß
f
ì¡=Yânæ²Ý;üXâÞMæŁârãäÛXÚsÚÛkå)Øsß
ë

i
|

Î@Ï0ÐÐ¯Ñ
üF\GÀ
¶

"
|


:¸i
zM}¬

H2-


z&{|&}ﬂ}
T ≤ T¯ ~ u  z&}ﬂ}¬z    +º    } 9  zM  z&}G 
ôﬁ
 
a∆[U∆T ] ⊂ V ∆T ,

 
G∆(V ∆T ) ⊂ U∆T

Û
XWW]mnW]m
Î¡Ï0ÐÐ¯Ñ
üF\GÀ
íæŁârè²àuÛ:ÛXãµÛaã
(i)
ØÙLòAé²ÙtÞjÝhÙuØøhèŁÚsâÜ8ÛXøhèŁéŁÞMÝkÞMØÛ]ßì@=YânèŁàMÛ|üXâ
(ii)
ì
âlÞ
a∆ ∈ V ∆T
Ýaß²×
v = G∆(a∆)
ìy=YâGÙuâ8Þ
w(xi, tn) = v(xi+1, tn)−∆xB0
ìíæŁâIß
w
ØsÙjÙtÞuØsÚsÚµÙuÛXÚséKÞuØsÛXßÛaã
ÞuæŁâ×KØÙMÜ8àMâ8ÞuânÙMÜMæ²âløhâß4PŁì +M
bÝaß²×ZÙMÝkÞMØsÙtú²â;Ù
w0 ≤ v0 ìyûÙtØsß ë ÞMæŁânøhÛXßŁÛXÞuÛ]ßCáSÛaãµÞMæŁâÙuÜ5æŁâløhânáCØsâlÚ×ŁÙ
v±(xi+1, tn)− v±(xi, tn)
∆x
≤ B0.
ûjÙuØß
ë
íæŁâlÛ]àuâIø÷ì ŁñKåân×Kâ;×Ké²Ü8â
|v+ − v−| ≤M + 2.
ßoPKì ÷X÷+

ﬃ
ÛXàÞuæŁânâ;ÙAÞMØøÝaÞuârØsßwÞMØsøfâ]ñŁåânæ²Ý;ü]âXñKé²ÙuØß
ë
ß4PKì ÷X÷9
Oñ
∣∣∣∣vn+1i − vni∆t
∣∣∣∣ ≤2B0|C∆,Lock [v](xi, tn)| ≤ 2B0(M + 2 + sup
{0,...,NT∆t}
|a∆|) ≤2B0(2M + ‖L‖L∞(0,T ) + 4).
):Û
G∆(V ∆T ) ⊂ U∆T
ìyíæŁØÙâIß²×ŁÙÞuæŁânè²àuÛ:ÛXãµÛaãµÞMæŁâ
}
i
|
ì
=Yâ)ßŁÛkåïæ²Ý|üXâÞuÛnèŁàMÛ|üXâ)ÙuÛXøhâ)ÜlÛXß²ÙuØÙAÞMâlß²Ü8á1Ýaß×fÙtÞMÝXîŁØÚsØÞgá1àuâ;ÙtéŁÚÞ5ÙãäÛ]àRÞMæŁâ)üXâIÚÛŁÜ8ØÞgá
a∆
Ýaß²×1ãäÛ]àRÞMæŁâ)Û]è3âlà5ÝkÞMÛXà
G∆
ì
Î@Ï0ÐÐ¯Ñ
üF\üÔ^
î
W]fBdcd	e	V9fLgMçµmﬀWuXQe	TLV§jBc4d	g X&V0eVØÒ]V9r4WFg0cﬂeç
a∆
v
]u
{
i

|

z&


|&

K = 2B0 +M u


|

~u
z&{
/
{

"


∆ ~u
z&{
/
{
 0 ≤ T ≤ T¯ |&2  zM{ ρ ∈ UT ~¨ 
p
|
&
sup
{0,...,NT∆t}
| (a[ρ])∆ − a∆[(ρ)∆]| ≤ K∆x
 
-
{

(ρ)∆


u
{



{


4
zM

z
ΞT
z

u

z&
4


z
9¡


4
zM
ρ
|&2
a[·]    ¼       ¿]GŁ	¿MM
Û
XWW]mnW]m
Î¡Ï0ÐÐ¯Ñ
üF\ü
=ﬃâÙuâ8Þ
ρ˜(x, t) = ρ+(x, t)− ρ−(x, t)
ìyíæŁârãäÛXÚsÚÛkå)Øsß
ë
æŁÛ]Ús×²Ù/
∣∣a[ρ](tn)− a∆[(ρ)∆](tn)∣∣ =
∣∣∣∣∣
∫ 1
0
ρ˜(x, tn)dx−
Nx−1∑
i=0
∆xρ˜(xi, tn)
∣∣∣∣∣
≤
Nx−1∑
i=0
∣∣∣∣∣
∫ (i+1)∆x
i∆x
ρ˜(x, tn)dx−∆xρ˜(xi, tn)
∣∣∣∣∣+
∫ 1
Nx∆x
ρ˜(x, tn)dx
≤∆x
Nx−1∑
i=0
sup
[i∆x,(i+1)∆x]
|ρ˜(·, tn)− ρ˜(xi, tn)|+M∆x
≤∆x(2B0 +M).
=Yânæ²Ý;üXâÞMæŁârãäÛXÚsÚÛkå)Øsß
ë
}
i
|
å)æŁØsÜ5æzèŁàuÛ:ÛXãµØÙLòAé²ÙtÞjÝhÙuØøhèŁÚsânÜlÛXøhèŁéKÞ5ÝkÞMØÛ]ß
Î@Ï0ÐÐ¯Ñ
üF\³^<õe	h-tLc4rcﬂeçAsLX&Wus¨V+XeçwW'myeTBVRÒ]V9rWg ceç
a∆
vUxOzM{
/
{




∆ ~u
z&{
/
{
 0 ≤ T ≤ T¯ |&2
&
{
 v1, v2 ∈ U∆T ~
u

z&}ﬂ}¬z
 

+º

z&}G

sup
{0,...,NT∆t}
|a∆[v2]− a∆[v1]| ≤ 2 max
k∈{+,−}
sup
ΞT
|v2 − v1|.
ô&
Î@Ï0ÐÐ¯Ñ
üF\ﬀÔ^<õe	h-tLc4rcﬂeçªsLX&Wus¨V+Xeç©W]m¢eTBV¯W's%V+X&heWuX
G∆
v
2-
{
"

|

zM


|&

K = 2B0 
z
ﬂ
|

~F
zM{
&
{

"


∆ 
|
o
ﬂ

+º
ﬂ-




z&{
 ·
x
©
z&2
o
z&

:¸
~]
z&{|&}ﬂ}
0 ≤ T ≤ T¯ |&]Q|&}ﬂ} a∆1 , a∆2 ∈ V ∆T
max
k∈{+,−}
sup
ΞT
|G∆k (a∆2 )−G∆k (a∆1 )| ≤ KT sup
{0,...,NT∆t}
|a∆2 − a∆1 |.
Û
XWW]mnW]m
Î¡Ï0ÐÐ¯Ñ
üF\ﬀ
=ﬃâÙuâ8Þ
vi = G
∆
(
a∆i
)
ìyûjÙuØß
ë
ÞuæŁârã_Ý]ÜOÞ)Þuæ²ÝaÞ
c1E
sgn(c1) − c2Esgn(c2) ≤ |c1 − c2|max(E+, E−)
áCØsâlÚ×ŁÙ
vn+12,k − vn2,k + k∆t
(
vn2,+ − vn2,− + a∆1 (tn)
)
Esgn(v
n
2,+−v
n
2,−+a
∆
1 (tn))(D+vn2 , D
−vn2 )
≤∆t|a∆2 (tn)− a∆1 (tn)|max(E+(D+vn2 , D−vn2 ), E−(D+vn2 , D−vn2 ))
≤2B0∆t sup
{0,...,NT∆t}
|a∆1 − a∆2 |.
ÛXàMâlÛküXâlà
v˜1(xi, tn) = v1(xi, tn) + 2B0 sup
{0,...,NT∆t}
|a∆1 − a∆2 |tn
ØsÙÙtÛ]ÚéŁÞuØsÛXßZÛaãµÞuæ²ânÙMÝaøhân×KØÙuÜlàuâ8ÞMârâ	Cé²ÝkÞMØsÛXßì
):ØßÜ8ârÞuæŁâÙMÜMæ²âløhârØÙøhÛXß²ÛaÞuÛ]ßŁâXñKÛ]ßŁân×KâI×KéÜ8âIÙÞMæ²ÝkÞ
max
k∈{+,−}
sup
ΞT
|G∆k (a∆2 )−G∆k (a∆1 )| ≤ 2B0T sup
{0,...,NT∆t}
|a∆2 − a∆1 |.
íæŁØsÙÝXÜ5æŁØsâlüXâ;ÙÞMæŁânèŁàuÛKÛaãAì
=YânßŁÛ|åèŁàMÛ|ü]âríæŁâlÛ]àuâIø ôXì öŁì
Û
XWW]mnW]mËSTBV9W'X&V+YûZ'\:²
=ﬃâné²ÙuâÞMæŁânøÝaØsßZØs×ŁâIÝfÛaãRÖjÚsükÝaàMâlþ"/
|&}
n;>ì
=ﬃârú²à5ÙtÞÝXÙMÙtéŁøhâÞuæ²ÝaÞ
T ≥ T¯ Ýaß²×wåbânÙuâ8ÞIñKãäÛ]à)âlüXâlàMá l ≥ 1 
Q∆l = ∆xZ× {∆tNl, ...,∆tNl+1}
å)æŁâlàMâ
Nl
ØÙfÞuæ²âzØsß]Þuâ
ë
âIàhè²ÝXàtÞÛaã lT¯
∆t
ìÖjÙhØsßïÞuæ²âÜ8Û]ß]ÞMØß:éŁÛXé²ÙÜlÝ]Ùtâ]ñ-ÛXß âIÝXÜ5æïØsß]ÞMâlàMükÝaÚ
(lT¯ , (l + 1)T¯ )
ñåbâ
ÜlÝaßØcÞMâlà5ÝkÞMârÞMæŁâè²àuÛKÜlâIÙMÙnßÙtØsß²Ü8â
T¯
×Kâlè3âlß×ŁÙÛ]ßŁÚsáwÛXß
B0
å)æŁØÜMæ¶×ŁÛ:âIÙßŁÛaÞÜ5æ²ÝXß
ë
ânå)ØÞuæÞuØsøhâ
ÝXß²×zÜlÛXß²ÙtÞuàMé²Ü8ÞIñ
é²ÙtØsß
ë
Ý¶ú²ùçè3ÛXØsßCÞhøhâ8Þuæ²ÛK×ß_×KâIßŁÛaÞMØß
ë
îCá
G
Ýaß²×
G∆

Oñ
ρ
Ýaß²×
v
àuâ;Ùtè3â;ÜOÞMØüXâIÚáçÙtÛ]ÚéKÞMØÛ]ß&ÛaãfßAô]ìô
TêOßAô]ì 0
ÝXß²×
ßAôXì ö0
gê5ßtôXì ÷+
gê5ßtôXì;P 
OìL=YârÞuæŁâIßzæ²Ý;üXâÞMæŁânØß²â	Cé²ÝaÚsØÞgá
max
k∈{+,−}
sup
Q∆
l
|ρk − vk| ≤ max
k∈{+,−}
sup
Q∆
l
|Gk,l(a[ρ])−G∆k,l(a∆[v])|
≤ max
k∈{+,−}
sup
Q∆
l
∣∣Gk,l(a[ρ])−G∆k,l ((a[ρ])∆))∣∣
+ max
k∈{+,−}
sup
Q∆
l
∣∣G∆k,l ((a[ρ])∆)−G∆k,l (a∆[v])∣∣ ,
å)æŁâlàMâ´ÞMæŁâﬃãäéŁßÜOÞuØsÛXß
G∆l
(
(a[ρ])∆
)
=
(
G∆+,l
(
(a[ρ])∆
)
, G∆−,l
(
(a[ρ])∆
))
ßäàMâIÙuèì
Gl(a[ρ])

ØÙzÙuØøhèŁÚsáóÞMæŁâ
×KØsÙMÜ8àMâ8ÞMâzÙtÛ]ÚéKÞMØÛ]ß&ÛXãfß4PŁì  ﬁ0
wßäàMâIÙuèìçÞuæ²âzÜlÛXßCÞuØsßCéŁÛ]é²ÙhÙuÛXÚséKÞuØsÛXßïÛaãfßtôXìsô
a
1å)ØcÞMæïÞuæŁâzüXâlÚsÛKÜlØcÞAá
a[ρ]
Ýaß²×&ØsßŁØÞuØÝaÚ
Ü8ÛXß×KØcÞMØÛ]ß
vNl
ßäàMâIÙuèì
ρ(·, NlDt)

8ìﬁ
ﬃ
àuÛ]ø íæŁâIÛXàMâløùPŁìô]ñ:åârÞuæ²âlß×KâI×KéÜ8â
maxk∈{+,−} sup
Q∆
l
∣∣Gk,l(a[ρ])−G∆k,l ((a[ρ])∆))∣∣ ≤ K√T¯∆x+ max
k∈{+,−}
sup
∆xZ×Nl∆t
|ρk − vk|
≤ lK
√
T¯∆x+maxk∈{+,−} supΞ |ρ0k − v0k|.
ßoPKì ÷+P0

ôJ
ﬃÛ]àbÞMæŁâÙuâIÜ8Û]ß²×SÞMâlàMøzñKåâné²Ùuâ

/i
|

|
PŁì PŁñ-PŁì ﬁhÝaß²×RPŁì;ÞuÛÛXîKÞ5ÝaØsß
max
k∈{+,−}
sup
Q∆
l
∣∣G∆k,l ((a[ρ])∆)−G∆k,l (a∆[v])∣∣
≤KT¯ sup
{Nl∆t,...,Nl+1∆t}
∣∣∣(a[ρ])∆ − a∆[v]∣∣∣
≤KT¯ sup
{Nl∆t,...,Nl+1∆t}
(
| (a[ρ])∆ − a∆ [(ρ)∆] |+ |a∆ [(ρ)∆]− a∆[v]|)
≤KT¯
(
∆x+ max
k∈{+,−}
sup
Q∆
l
|ρk − vk|
)
.
íæŁØsÙ)Øsøfè²ÚØsâIÙIñKãäÛXà
T¯∆x ≤ 1 Ýaß²× KT¯ < 1 ñ
max
k∈{+,−}
sup
Q∆
l
|ρk − vk| ≤ lK
1−KT¯
√
T¯∆x+
(
max
k∈{+,−}
sup
Ξ
|ρ0k − v0k|
)
1
1−KT¯ .
=ﬃânßŁÛkå(ÞMÝ ,Xâ
l¯ ≥ 1 ÙtéÜMæZÞuæ²ÝaÞ
l¯T¯ ≤ T ≤ (l¯ + 1)T¯ .
íæŁâlßZÞuæŁârãäÛ]ÚÚsÛkå)Øß
ë
æŁÛXÚ×ŁÙ	
max
k∈{+,−}
sup
ΞT
|ρk − vk| ≤ l¯K
1−KT¯
√
T¯∆x+
(
max
k∈{+,−}
sup
Ξ
|ρ0k − v0k|
)
1
1−KT¯
≤KT
√
∆x+K
(
max
k∈{+,−}
sup
Ξ
|ρ0k − v0k|
)
,
Øã
T ≥ T¯ ì
å)æŁâlàMâråâræ²Ý|üXâré²ÙuâI×ÞMæŁârã_ÝXÜ8ÞÞMæ²ÝkÞ
T¯
×Łâlè3âlß²×²ÙÛ]ßŁÚsáSÛXß
B0
ì
­
ÛXÞuØÜ8ârÞuæ²ÝaÞIñŁØsßwÞMæŁâÜlÝ]Ùtârå)æŁâlàMâ
T ≤ T¯ ñKãäàuÛ]ø íæŁâIÛXàMâløùPKìsôXñß4PŁì ÷9P 
ØsÙ)àuâIèŁÚÝXÜ8â;×îCá
max
k∈{+,−}
sup
ΞT
∣∣Gk(a[ρ])−G∆k ((a[ρ])∆))∣∣ ≤ K√T∆x+ max
k∈{+,−}
sup
Ξ
|ρ0k − v0k|
Ýaß²×ZÙuÛhåârÛ]îKÞMÝXØß
max
k∈{+,−}
sup
ΞT
|ρk − vk| ≤ K
√
T∆x+K
(
max
k∈{+,−}
sup
Ξ
|ρ0k − v0k|
)
,
Øã
T ≤ T¯ ì
íæŁØsÙ)âlß×ŁÙbÞMæŁânèŁàMÛ:ÛaãµÛXãµÞuæŁârÞMæŁâlÛ]àuâIøZì
ﬂ Ä ¾âþÉ»RÀ8¿IÅUÊq»LÉËßµ¾QÊOºBß
!
ß´ÞMæŁØsÙ):âIÜOÞMØsÛXßñåâhèŁàMâIÙuâlßCÞnÙtÛ]øhâfßCéŁøhâlàMØsÜIÝaÚQÙuØsøGéŁÚÝkÞuØsÛXßÙÛaã-ÞMæŁâzô8ê#¦àMÛXøÝkê
ý
ÝaÚsÛ
ë
æ¶è²àuÛ]îŁÚâIø ßtôXìsô
TêOßAô]ì; 

×KØsÙMÜ8àMâ8ÞMØþIâI×wîCáSÞMæŁânßCéŁøhâIàuØÜlÝXÚÙuÜ5æŁâløhâßtôXì ö0
gê5ßtôXì ÷+
gê5ßtôXì;P 
Oì
ﬃÂtÁ 8ÓÔÅÄ²ÊtÑÉQÒGÅÄŁÄŁËyÄ Å¡Æ]ÈŁÊtÓÔÉÈKÅ
 âlàMâXñ|åâÙuæŁÛ|åqÝßCéŁøhâlàMØÜlÝaÚXÞuâ;ÙAÞµØsßÛXà5×KâIà{ÞuÛÜ8Û]ßKú²àMøÛ]éŁà¡âIàuàMÛXàâIÙtÞuØsøÝkÞMâQãäÛ]à¡ÚsÛKÜlÝXÚ]ÙtáKÙtÞuâløzìB¡â8Þµé²Ùú²ù
L(t) = 0
âlüXâlßØãŁØÞØsÙ¡ßŁÛXÞµèŁæ:á:ÙuØÜlÝaÚsáàuâIÚâIükÝaßCÞIñ;Úsâ8Þé²ÙÜMæŁÛKÛ]ÙuâRÞMæŁâyãäÛ]ÚÚsÛkå)Øß
ë
ØßŁØÞMØsÝXÚCÜ8Û]ß²×KØÞuØsÛXß²Ù	
ρ0+(x) = −|x−1/2|+1/2
ñ
Ýaß²×
ρ0−(x) = −|2x− 1|+ 1
Û]ß
[0, 1[
ß_ÝXß²×wâlù:Þuâlß×wØÞîCáè3âlàMØsÛK×KØÜ8ØÞgáSÛ]ß
R

Oì
ﬃ
Ø
ë
éŁàMâfß_ö0
ÙuæŁÛ|åÞuæ²âî3âlæ²Ý|ü:ØÛ]éŁàÛXãÞuæŁâ
L∞
ê>âIàuàMÛXà-üXâIàMÙué²Ù-ÞuæŁâr×KØÙMÜ8àMâ8ÞuØsþIÝaÞuØsÛXßSèÝaà5Ýaøhâ8ÞMâlà
∆x
ìQíæŁâàMâ
ë
àMâIÙtê
ÙtØsÛXßÙuÚsÛXè3âjØÙbÜ8ÚsÛ]ÙuâÞuÛ
0.7
Ýaß²×Þuæ²âØ×KâIÝXÚàMâ
ë
àuâ;ÙuÙuØÛXßØsÙ 1
2
ì¡ jâlß²ÜlâXñCÞMæŁâî3âlæÝ;ü:ØsÛXéŁàÛaãÞuæŁØÙbâlàuàMÛXà5Ù-Ü8ÛXßŁú²àuøÙyÞMæ²ÝkÞ
ÛXéŁà)âlàMàuÛ]àÙuâlâIøhÙ)ÛXèKÞMØøÝaÚ>ì
ô;õ
1.4 1.5 1.6 1.7 1.8 1.9 2
−5.1
−5.05
−5
−4.95
−4.9
−4.85
−4.8
−4.75
−4.7
−4.65
−4.6
 log(N
x
)
lo
g(L
∞
−
e
rr
o
r)
ﬃ
Ø
ë
éŁàMâröu
log(L∞ − error) Ûaã |uNT − uNT−1|
üXâIàMÙué²Ù
log(Nx)
ÝkÞ
T = 12
ﬃÂ43 ÍjÊuÆ:ÒAË)ÑÉÈŁÊgËÇjÆqÍÅµÇjÆ:ÊgÈaÐÌÍÐÇÉQÓ ÊtÑ{Æ
!
ßfÞuæŁØÙQè²ÝXàMÝ
ë
àMÝaèŁæñaåâÝaàMâØßCÞuâlàMâIÙtÞuâ;×1î:áÞuæ²â)âlüXÛ]ÚéŁÞuØsÛXßfÛaã{×KØÙtÚsÛKÜlÝaÞuØsÛXßÙR×KâlßÙtØÞuØsâIÙRãäÛ]àRÞMæŁânôlêﬀ©àMÛXøÝkê
ý
ÝaÚÛ
ë
æ
øfÛŁ×KâlÚ-ßAôXìsô
gê5ßtôXì; 
éŁß²×Kâlà)Þuæ²ânéŁßŁØcãäÛ]àuøhÚsáwÝaèŁèŁÚsØsâI×ZÙuæŁâIÝXà)ÙtÞuàMâIÙMÙ
L(t) = 3t
ì
!
ßçÞMæŁØÙfÙuØøGé²ÚsÝaÞuØsÛXß²ÙIñQåâZÜ5æŁÛ:ÛCÙtâwÝXßçâlùKÝXøhèŁÚâwÛaãÜlÛXß²Ü8âIß]ÞMàMÝaÞuâI×ç×ŁØsÙuÚsÛKÜlÝkÞMØsÛXß²Ù1×KâlßÙtØÞuØsâIÙIñn	&å)æŁâlàMâw×ŁØsÙtê
ÚÛKÜIÝkÞMØÛ]ß²Ùn×KâIß²ÙtØÞMØâ;ÙÝXàuâØsßŁØcÞMØsÝXÚÚsáﬃè3âlàMØsÛK×KØÜañÝaß×Yâ	Cé²ÝXÚQÞuÛ¶þlâIàuÛÛXßqÙuÛXøhâSÙté²îKê>Øsß]ÞMâlàMükÝXÚsÙrÛXã
[0, 1[
ß_Ùuâlâ
ﬃ
Ø
ë
é²àuâ
÷+
Oì
íæŁØÙØß²ØcÞMØsÝXÚÜ8Û]ß²×KØÞuØsÛXßdøhâ;Ýaß²ÙnÞuæ²ÝaÞÞuæŁâIàuâSâ8ùKØÙAÞ5ÙÙuÛXøhâàMâ
ë
ØsÛXßÙrå)ØcÞMæŁÛXéŁÞ1×KØÙtÚsÛKÜlÝaÞuØsÛXß²ÙIñµÝXß²×YÛXÞuæŁâIàMÙnå)ØÞuæ
Ü8ÛXßÜ8âlßCÞuà5ÝkÞMâI×w×KØÙuÚÛKÜIÝkÞMØÛ]ß²Ùlì
!
ß]ÞMéŁØÞuØsüXâlÚsáXñj×ŁØsÙuÚsÛKÜlÝkÞMØsÛXß²ÙSÝXàuâ¶Øsß]ÞuâIß²×Kâ;×óÞMÛçî3â´éŁßŁØãäÛXàMøhÚáó×ŁØsÙtÞuàMØî²éKÞuâ;×ØßÞMæŁâ´å)æŁÛ]ÚâﬃÜ8àuáKÙtÞMÝXÚjÝ]ÙÙuæŁÛ|å)ß
Øß ß
ﬃ
Ø
ë
éŁàMâRﬁ+
Gå)æ²âlàMâwú²ß²ÝaÚsÚsáçÝYéŁßŁØãäÛXàMø ×KØÙAÞMàuØsîŁéKÞMØÛ]ßïØsßóÝaÚsÚbÞMæŁâÜlàuáKÙtÞMÝaÚØÙfÛ]î²Ùuâlàuü]âI×{ñnóÞuæ²â×Kâlß²ÙuØÞgá&Ûaã
×KØsÙuÚsÛKÜlÝaÞuØsÛXß²Ùbî3â;Ü8ÛXøhâ;ÙÝhÜlÛXß²ÙtÞMÝXß]Þ;ì
=YâàMâløÝaà.,1ÞMæ²ÝkÞå)æŁâIß
L(t)
ØÙbßŁÛXßŁêTÙtÞMÝaÞuØsÛXß²ÝXàuáXñCÛXéŁàÙuáKÙAÞMâløî3âlæ²Ý|üXâIÙÝXÙbÝf×KØ¥«é²ÙuØÛ]ßwâ	Cé²ÝkÞMØÛ]ßﬃß_Ùuâlâi õ&{ãÛ]à
ãäéŁàtÞMæŁâlàf×Kâ8Þ5ÝaØsÚsÙ
Oì
ý
éKÞ1âlü:Øs×Łâlß]ÞMÚáYå)æŁâIß
L(t) = 0
ñå)ØÞuæqÞuæ²âÙMÝaøhâØsßŁØÞuØÝaÚbÜ8Û]ß²×KØÞuØsÛXßñµÞMæŁâÙuáKÙAÞMâlø ×ŁÛ:âIÙßŁÛaÞ
âlüXÛXÚsüXâXì
0 10 20 30 40 50 60 70 80 90 100
−0.2
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
ﬃ
Ø
ë
éŁàMâr÷uQ×ŁØsÙuÚÛŁÜlÝkÞMØÛ]ß²Ù×KâIß²ÙtØÞAáﬃß
Dρ0+(.) = Dρ
0
−(.)


 C
0 10 20 30 40 50 60 70 80 90 100
−0.2
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
0 10 20 30 40 50 60 70 80 90 100
−0.2
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
ﬃ
Ø
ë
éŁàuâUPòßwÞuæŁânÚsâ8ãÞy×Łâlß²ÙuØcÞAáﬃß
Dρ+(.,
1
2 )


®
Û]ßwÞuæŁânàMØ
ë
æ]ÞQ×KØÙtÚsÛKÜlÝaÞuØsÛXß²Ù)×Kâlß²ÙuØcÞAáﬃß
Dρ−(.,
1
2 )


0 10 20 30 40 50 60 70 80 90 100
−0.2
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
ﬃ
Ø
ë
éŁàMâﬁ-Q×KØÙuÚÛŁÜlÝkÞMØÛ]ß²Ù×KâlßÙtØÞAáﬃß
Dρ+(., 3) = Dρ−(., 3)


gfLW9Ó"rV9jLð'V9YV9f2e	d
íæŁâÝXéKÞuæŁÛ]àMÙåÛXéŁÚ×dÚsØ¬,XâSÞuÛÞMæ²Ýaß-,KÙhò1ìµÖÚsükÝXàuâIþXñLqì
K
ÚIÂ)æ²ÝXîŁØñ¨?ì
!
øGî3âlàuÞIñQÝaß²×ÂnìLÛXßŁß²âIÝaédãäÛXàãäàMéŁØÞtãäéŁÚ
×KØsÙMÜ8éÙuÙuØÛ]ß²Ù)ØsßÞuæŁâGè²àuâIè²Ýaà5ÝkÞMØÛXßzÛaãRÞMæŁØsÙjèÝaè3âlà;ì)íæŁØÙjåÛXà.,wåbÝXÙjÙuéŁèŁè3ÛXàuÞuâ;×zîCáwÞuæ²â1Ü8ÛXßCÞuà5ÝXÜOÞ¢(? ôC00PfÜlÝXÚÚsâI×
 
ÖD?
!
òAâléŁß²âIÙÜ5æŁâlà5ÜMæŁâIé²ÙuâIÙâ8Þ¡òAâléŁßŁâ;ÙÜ5æŁâlà5ÜMæŁâIéŁà5Ù!ÛXãµÞuæŁâ
ﬃ
àMâlß²Ü5æRØsßŁØsÙtÞuàMáÛaã@Â)â;Ùtâ;Ýaà5ÜMæYß4 C C]ökê#MC C0P 
Oì
"
É#&É»@É)¹w¿IÉËß
sô%$'&)(+*,(ﬀ-/.10'&*32.4-6567/89(ﬀ-/.4.4-;:<2,.4=>2&)(24?,@A-CBD762EA=GFIH6?(KJLM,EAEA-C2N@Qñ3O¡¹0

ﬀ



|&]







.]
zM{



}¬z

|
o
zM

2|
i
 

2z&'

º0|
4&&
}Gz



ñ
!
ßCÞuâlàuã_ÝXÜlâIÙbÝXß²×
ﬃ
àuâIâ
ý
ÛXéŁß²×ŁÝXàuØsâIÙIñ-Sß4 C C0P0
OñCèŁèìK÷²ôPQP
÷Cöa÷ì
;%$'&)(+*,(ﬀ-/.R0S&*32.4-65/7<T9&3(KJU2V>-CB>B32W:<2,.4&3(ﬀEA(79FXH
?(KJYLM,EAEA-/2N@Z7<2EA=[T9&3(KJU2V>-CB4\RF]M@N^-ñ*·
zM
&
{

º




z

|
¼
{


z&{<

{

-/"

zM{|H2z&>}¬z

|&}
/`_
zM]|M}
.

|
o
z&
ñíµÛÝXèŁè3âIÝXà)Øß
!
´Ön?y)R(XÛ]éŁàMß²ÝaÚa8ÖjèKê
è²ÚØsâI×
­
éŁøhâIàuØÜlÝXÚ¶ÝkÞMæŁâløÝaÞuØÜlÙQakñß4MC0C0P0
Oì
 ö& ñu¶

z&
&
{4º



/
u"

z&{U|2z&u}Gz

|M}
é
|
i
}

z&
b
|

z
»¨.

|
o
z&
~

z	

}

9ºQ


}¬z

|
4
zM¯

]|



ñ²íµÛÝaè²è3âIÝaàØsß
­
éŁøhâlàMØÙuÜ5æŁâ¶ÝaÞuæŁâIøÝkÞuØG,ñßoMC0C ﬁ0
8ì
 ÷M%$'&)(+*,(ﬀ-/.R0S&*c2.4-
5/7d89\A(ﬀ&)(ﬀe/e/-gf%M,h>\Z7i<2EAERjk-ml]M,@42.D7d2,EA=nFXH
?(KJYLM,EAEA-C24@RñZo<p

z&}

o
z&


#/
]y
z

{

Aq


<p.

|
o
z&Q
¨é
|

}

z&
b
|

z
»/
2z&"}¬z

|&}


p

{

|&

}¬|U

]|
iﬂ


q






}¬z

|
o
zM
ñ
?ìuÂnìu´ÝkÞuæ¡ìŁÖ)ÜlÝ]×{ì')KÜ8Ø>ìŁðRÝXàuØÙlñŁö]ö JZß4 C CX÷+
OñKèŁèìuﬁ9kõQPﬁMJa÷²ì
;P ñ¨Ù

}¬z

|
o
z&

]|

/í§

zM{
o±<¹0

ﬀ



|&2







.
z

u

z&}

o
z&
ñ-í¡ÛYÝaèŁè3â;Ýaà1Øsß
ÖjàMÜ5æŁØsüXâãäÛXànÂÝaÞuØsÛXßÝaÚâIÜ5æ²ÝaßŁØÜlÙÝaß²×ZÖjß²ÝaÚsáKÙtØÙIñ{ßoMC0C0P 
8ì
 ﬁ&'Lr2.cB4(ﬀEMslt2.4=('2E=vuBc2&wMx:<2,e/@5c53M4yz%M,&wh
-CBNBc2Qñ"Æ

o
|&}

z&

{<zM}p|&2

/
z



z&}

4
z&

z

é
|
i
}

z&
b
|

z
»4×¢
}ﬂ}

|M


|
4
zM

ñ')Ká:ÙtÞuâIøÙ{÷?ÛXßCÞuàMÛXÚo
ﬃ
ÛXéŁß×ŁÝkÞMØÛ]ß²Ù{ ÖèŁèŁÚsØÜlÝkÞMØÛ]ß²ÙIñ
ý
Øsà<,:æ6|aéÙtâIà
ý
ÛCÙAÞMÛXß
!
ß²ÜXìñ
ý
Û]ÙtÞuÛ]ßñ-¶Öñô;õXõ9:ìB=ØÞuæ¶ÝaèŁè3âIß²×KØÜ8âIÙ)îCáQ¶ÝXéŁàuØsþlØsÛ
ﬃ
ÝaÚÜ8ÛXß²ârÝXß²×wðyØsâlàMè²ÝaÛ]ÚÛ"):Û]àMÝ|ü:ØsÝ²ì
Łô
°%}%@N^glt2.4&)-6Jañ~
zM}

4
zM


i	
/
z

p



p

|
4
zM


é
|
i
}

z&
b
|

z
»ñüXÛXÚ>ì¡ô&1ÛXã%¶ÝkÞMæ-ÍløÝkÞMØ:]é²âIÙ
{ ÖjèŁèŁÚØÜlÝaÞuØsÛXßÙnß
ý
âlàMÚsØß]
¢ ¶ÝkÞMæŁâløÝkÞMØsÜIÙ{ ÖèŁè²ÚØÜlÝaÞuØsÛXß²Ùa>ñ'):èŁàMØß
ë
âlàuêQâlàMÚsÝ
ë
ñ:ðRÝaàMØÙlñ{ô;õXõX÷²ì
 J&%}%@N^lt2.4&)-6J]2EA=$'&)(+*,(ﬀ-/.Yjk-w^yñC
z&u}Gz

|M}
¼
{

o
z&{<

{

|
i
}

z&

|

z
»/¨.

|
o
z&


z	

}ﬂ}

+º$


}¬z

|

o
z&



]|
i

ñ3íµÛÝaèŁè3âIÝXàØsß±?Û]øføzìŁðRÝXàtÞMØsÝXÚjØ¬«âlàuâIß]ÞMØsÝXÚ
K
Cé²ÝkÞMØÛ]ß²ÙIñß4 C C+P 
Oì
 õ&I0S.4(ﬀ-/&32l.4(2E(>ñB/
|&}
é
z

z.º


/¬
|
o
z&


o

z&{i|

z	

}
 
ﬂ



}¬z

|
4
zM





:o

ñ
!
ßzèŁàMâlè²Ýaê
à5ÝkÞMØÛ]ßñß4MC0C ﬁ+
Oì
ôC&IL(Kh
\A2-/&}:9.N2E=>2&)&
7fS(B4MJ\A(]uŁJU\((72EA=W89(-6.4.4-wyjkM,@A(KJYj(KM,EJañ



{/q

º



Ø
z

/
z

:


zM}

4
zM

z



z&2±z&{<

{

|&{
o
|&}£
 ½D
{


4
|M}
.

|
o
z&

ñ
ý
éŁÚsÚì{ÖjøfâIàIìF¶ÝkÞMæì):ÛKÜXìRß
­
ì;)ì 
8ñB0¶ßAôIõ]õ00
Oñ
è²èìôŁPﬁ+:ì
ô]ôIL}:9.N2EA=N2&3&G2EA=8'yj9Dj(KM,EJañn
 
zØ|
0
{<z
¹0
|
o
zM

z

z&}

o
z&

z

é
|
i
}

z&
b
|

z
»Ë

|

o
z&

ñu¶ÝkÞMæì]?ÛXøhèìsñK÷CöZßAô;õ JX÷+
Oñ:è²èìôŁPôIõ²ì
ôXf'2EJYT9E?&)-/.[2EA=s>@52EAEA-Ltj-6EA\42.cBñO
/
z


¯
zM}

o
zM

z&{
 

|
_
}
w
z

}



ﬀ/

z

é
|
i
}

z&
b
|

z
»£

|
4
zM

ñŁðyàMÛKÜXì-Û]ß²×KÛXßR¶ÝkÞMæì'):ÛKÜXìß_ö+
OñuﬁXözßAô;õXõŁô
Oñ:è²èì'KôPk÷0CŁì
ô;ö&XS(KhNM&32,JtkM,.>h
2=-/&²ñ+Ù

}Gz

|
4
zM



2|
i
¢ 

|

|&

{

|


{
D#
{

íy

z&{
@o*.¹0

#



|&2








ñKðyàuâIèŁàMØßCÞIñ¡ß4 C C0P0
Oì
ôI÷MXuQ}S.NM<2Qñ



_»
 
.

ﬂ-i

{<z
/
z



|&2
"

z

z



}

+º
9o
/
|M}



/
{


4
zMz

ﬂ-

z&}ﬂ}


o
»
|

z

{z




}¬z

|
4
z&

ñ²ð-æCáKÙlì Â)âIü3ì
ý
ñuP ﬁZßtôIõ]õ+M
8ñ:èì'PMJ0C+Kì
ôPXuQA}S.>M,d22EA=Y8'
lt2&wM,?,\Rñ



_i»./
 
.

ﬂ-¢
]
	


|&}|&2

z&
4



|
0
{<z	|

u

z

u



{



o
z&¯z

u

z&}}


4&».
|

z&{iz




}¬z

|
o
zM

ñ]¶ÝkÞ;ìu)ŁÜ8Ø>ì
K
ß
ë
ñ²ÖpaöX÷aêaö ﬁßtôIõXõ9M
8ñ:èŁèì'a÷]õP PMKì
ôﬁ& ñ



4
º+|
o
z&z




}¬z

|
4
zM

|
4#
{

z&{

|
o
z&

A|

 
z


"



z&2|&}


}



z&



#

F¼£
}¬|



{<z
¹0
|
4
zM
ñ3ÖÜ8ÞMÝhøhÝaÞuâIàIñK÷ßAô;õXõ]õ0
8ñ:èŁèì²ö ﬁX÷9PCö ﬁ0Pk÷²ì
ô&X>M\E8<.4(Kh>-YfS(ﬀ.cB4\2EA=g6-/EJjMBN\A-{ñy2-
z&{

z




}¬z

|
4
zM
.~
~F

z&2


o
z&
ñ2EràMØâ
ë
âIàIñ-´ÝaÚÝaî²ÝXàIñ
ﬃ
ÚsÛXàMØs×²ÝŁñô;õXõ+Kì
ôJ&XfS(BAM,J\A(uŁJU\((>ñË
{{<z&Nq

"ﬂ
z

z&{

z&2z

z&


ﬀ/

z



zM]

zM{<

{

}ﬂ}


o
*
|M{
4
|M}£
 ½D
{


o
|M}


|
4
zM

ñuØ¬«3âIàuâIß]ÞuØÝaÚ
!
ßCÞuâ
ë
à5ÝaÚ
K
]éÝkÞuØsÛ]ß²Ùlñ'PZßAôIõ]õ00
Oñ:èŁè¡ìôŁP-k÷²ì
ô;õ&XfS(BAM,J\A(<uŁJ\A((d2E=[N\A(K?-/2,(9SM,(ﬀ,-{ñ'O
/
z


±
zM}

4
zM
n
zM{

zM]z

z&


#

z



z&]

z&{<

{

}}


4

¡ÙO

ñ]?ÛXøhøzìKðQÝaàuÞuØÝaÚØ¥«âlàMâlßCÞuØÝaÚ
K
Cé²ÝaÞuØsÛXß²ÙIñ{ôﬁZßtôIõXõ²ô
8ñ:èŁèìôCXõ0PQP3ôaôMJŁì
  C& ñO
/
z



z&}

o
z&

z

|

ﬀ/
z

2z&'}



|&{



zM]

z&{<

{

}}


o

¡ÙO

|&{



+º


 



9º
º+|
"

ñ
ﬃ
éŁß-,]Ü8ØÝaÚ>ì
K
,CüaÝXÜXìñŁöX÷zßtôIõXõ²ô
8ñ:èŁèìôI÷]öQPôPMPKì
 ŁôXT'F D/2M,V>J-/E2EA=m1¡f%2,.4&)J-/ERñ¨·
zM
&
{4º




{<|
#
%
zM{

i


/
{
#
o
}
4o
+ºØ|
 
{<z
¹0
|

o
z&
¡
zM{

º



{a|
ﬀ

|&{<|
»
zM}




|
o
z&
 
ﬂ

z

{

ﬀ
{


ñ
ýI!
írñK÷+PZß4 C C0P0
Oñ:è²èì²ö+P9ﬁ+:ì
 0XTtJUe6-/EF]MVNJUBc2=¢/2M,V>J-/EZ7k-/EAE-CB4\fX*(KJ£B4-/EA=N2\A&%2.4&wJU-6EZ72EA=S(ﬀ&wJ¤f'-6EA.4(ﬀ¢FX(KJ-/V>.>MQñ
Æ

ﬂ-

z&

{4º




{<|
#
z

z


{<|

z&{
4
}
o4
9º

zM{
é
|

}

zM
b
|

z
»/i.

|
o
z&
Ø 
ﬂ

z

{

§#
{


ñ
)
!
ÖDø(²ì
­
é²øfâIàIì²Öjß²ÝaÚ>ìñ²ö]õZß4 C C²ô
OñKèŁèìŁ÷]õ]õQP-P:ô	JwßäâIÚâ;ÜOÞuàMÛXß²ØsÜ
Oì
 Xö&SN@52EEA-1LAj-/EA\A2.cBñO
/
z


i
zM}

o
z&
L
zM{
 

|
_
}
H
z

}



ﬀ/

z

¼
{

4
zM{a

{

|&{
o
|&}O
 ½D
{



o
|&}
.

|
o
z&

ñu(²ìu¶ÝaÞuæì²ÖßÝaÚ>ìŁÖjèŁèŁÚ>ìñ¡ôIö²ôhßAôIõ0J J+
Oñ:èŁèì¡ô	J CP3ôIõXöKì
 a÷MSN@52EEA-LNj-/E\42.cB2EA=
Bc2*,.>MJt0
l-/&)V
2,Jkñ-¶

#/
z

2z&u}



|M{

|M{
4
|M}F
 ½¢
{


o
|&}


|

o
z&

|M{



+º


ﬂ-
z

o
|&}

zM

{azM}-z
£

z


|

o
Ë
#/
£ 
ﬂ
 


9
9º

z



ñ0)
!
ÖDù(²ì|Öè²èŁÚì&´ÝkÞuæ¡ìñ
÷CöZßtôIõ J]ö0
8ñ:èŁèìŁ÷+ﬁ0PP:÷9&PKì
0
 0PSN@52EEA-L,jk-/EA\42.3B2EA='24M,(i<2d2,=>2QñO
/
z


"
z&}

o
z&

|

z


|
#

 

 


9
9ºiº+|
"

zM{




 


/

#
{




4
D
{<z





ñ])CÞMÛKÜMæÝXÙtÞuØÜlÙn)CÞuÛŁÜMæ²Ý]ÙAÞMØsÜIÙËÂ)âlèìsñ²ö JzßAô;õXõ00
Oñ:èŁè¡ì'0PC÷9:ì
  ﬁ&S>Bc2EA&)-w^v$SJU\-/.n2EA=¥62<-
J0t>-/BN\(+2,ERñ
xF{<z&

U
{<z

|/º+|
o
9º
 
ﬂ
/
{

|


{
/




]



o


í
|M} º+z&{
ﬂ9

»
|


QzM
é
|

}

zM
b
|

z
»/

z&{


}¬|
o
z&

ñ'(²ì]?ÛXøhèŁéKÞ;ìŁðyæCáKÙIìñ]aõZßtôIõ0J J0
8ñ:èŁèìôP:÷]õŁì
 +XT9&3(KJU2V>-CB4\WF]M@N^¦2,EA=¦0X?,EA§6J¨XM@A.4(ﬀEQñn¶ 
/
z


A
z&}

o
z&

|
0
{<z	|


z


|

/

{az
i


|0

+º
ñ
)
!
ÖDø(²ì
­
é²øfâIàIì²Öjß²ÝaÚ>ìñ'XõZßAô;õXõ+ 
OñKèŁèìuJ ﬁ9PJMJa÷²ì
  J&X'24M,(i<2<2=N2QñSO
/
z


±
z&}

4
z&
D
z&{|

ﬀ/
z


}}


4





|M}
4
$ 
ﬂw»/
}¬|
#
{<|M}Ëz
»


|

}


ñ
ﬃ
éŁß-,]ÜlØsÝXÚì
K
,:ükÝ]ÜaìsñŁö CzßAôIõ0J+ 
Oñ:èŁèì²÷²ôPC÷+ PKì
Xö
